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This paper concerns the study of 3-manifolds which are obtained by Dehn filling on a surface 
bundle over S’ (every closed 3-manifold is so representable) and directed toward the question: 
which 3-manifolds, M, have fundamental group, v,(Ml, virtually Z-representable (have a finite 
sheeted covering space in? + M with pr(fi) = rank H,(M) > O)? 
For Dehn fillings of a bundle with periodic or reducible monodromy (or of any nonsimple 
3-manifold) this is shown to be generally the case with possible exceptions of a specified form. 
So, for example, nontrivial surgery on a composite knot always produces a 3-manifold with 
virtually Z-representable fundamental group._ 
We note that any finite sheeted covering, M, of a Dehn filling, M, of a surface bundle2 N, is a 
Dehn filling of a surface bundle, 5, covering N. We determine a lower bound for {pr( M): I’? a 
filling of fi}, and combine these results with some calculations to show that a/b surgery on the 
figure eight knot produces manifolds with virtually Z-representable fundamental groups for any 
a and either b = *2a mod 7 or b = *a mod 13. 
AMS(MOS) Subj. Class.: 57N10, 57M10, 57M12 
virtually Haken 
Dehn filling 
virtually Z-representable 
1. Introduction 
We are concerned with the question: which 3-manifolds are virtually Haken-have 
a finite sheeted covering space which is a Haken manifold (compact, orientable, 
irreducible, and containing a 2-sided incompressible surface). This is closely related 
to other problems in the structure theory for 3-manifolds-in particular the conjec- 
ture of Thurston [18] that every 3-manifold can be decomposed into ‘geometric 
pieces’. 
An apparently stronger (but very likely equivalent) property is that the funda- 
mental group of the 3-manifold be virtually Z-representable-have a subgroup of 
finite index which maps onto the infinite cyclic group, Z. Any compact, orientable, 
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irreducible 3-manifold, M, with vi(M) virtually Z-representable has a finite sheeted 
covering h? + M with /3,(G) = rank(a,(fi)) infinite. It then follows (c.f. [5, Lemma 
6.61) that 6 is a Haken manifold. Thus we investigate the problem: Which 3- 
manifolds have a virtually Z-representable fundamental group? 
Some results about this property are available in [7,8,9]. In this paper we approach 
this problem in light of the result [14] that every closed, orientable 3-manifold 
contains a knot (embedded simple closed curve) whose complement fibers over S’. 
In fact the knot can be chosen so that its complement has a hyperbolic structure; 
however, as we see, this turns out to be the difficult case of the problem. 
A 3-manifold, M, that is obtained from a 3-manifold, N, by attaching solid tori 
by identifying their boundaries to boundary tori of N is said to be obtained by a 
DehnJilling of N. Thus every closed, orientable 3-manifold can be obtained from 
a compact surface bundle over S’ with connected boundary by Dehn filling. In 
general the Dehn fillings of a 3-manifold, N, are parametrized by a collection of 
isotopy classes of simple closed curves-one for each ‘filled’ torus component of 
aN which determines the meridional disk of the ‘filling’ solid torus. 
We use the term Dehn jilling to distinguish from Dehn surgery on a manifold 
which we regard as the operation of removing the interiors of a collection of disjoint 
solid tori followed by a Dehn filling of the resulting manifold with boundary. 
Throughout, N will denote a fiber bundle over S’ with fiber a compact surface 
with boundary, E In Section 3 we show that in the case that Int N does not have 
a hyperbolic structure, then most Dehn fillings of N yield 3-manifolds with virtually 
Z-representable fundamental groups. In fact these arguments apply to any Haken 
manifold with torus boundary whose interior does not have a hyperbolic structure. 
Note that any finite sheeted covering space of a filling of N is a filling of a finite 
sheeted covering I?+ N; moreover, every such covering extends to coverings of an 
infinite (or empty) class of fillings of N. We show (Section 4) that there is a natural 
lower bound for the rank of the homology of each of these ‘compatible’ coverings 
of fillings of N. We use this in Section 5, with the aid of some computer calculations, 
to show that a/b surgery on the figure eight knot produces virtually Z-representable 
fundamental groups for any a and for b = +2a mod 7 or b = *a mod 13. 
We begin (Section 2) with an analysis of surface bundles over 5” in group theoretic 
terms appropriate to the development of the following sections. 
A cable space is obtained from a solid torus, B2 x S’, by removing the interior of 
a regular neighborhood of a simple closed curve, J, on the boundary of a concentric 
solid torus, say 1/2B* x S’, with J essential in B2 x S’. The cable space is nontrivial 
if it is not a product of an annulus with S’. There is always an involution of a cable 
space interchanging the two boundary components-remove a core solid torus and 
get a product of a twice punctured disk with S’ and note that the obvious involution 
on this product extends over the solid torus; since, on its boundary, it is isotopic 
to the identity. An orientable 3-manifold which has two incompressible boundary 
components and which reduces to a solid torus upon cutting along a properly 
embedded annulus is a cable space. 
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A 3-manifold, N, is said to be cabled about a 3-manifold, N”, if N is obtained 
from N” by attaching a nontrivial cable space, C, by identifying a component of 
aC with a component of aN*. 
Observe that there is an infinite collection of distinct fillings of either of the 
boundary components of a cable space which produce a solid torus-corresponding 
to the fact that the homeomorphism of the cable space obtained by ‘twisting’ along 
a nonseparating annulus has infinite order, modulo isotopy, on each boundary 
component. Thus if N is cabled about N* then there are infinitely many distinct 
filling parameters on 8N whose associated fillings of N are homeomorphic to fillings 
of N*. 
2. Coverings of bundles over S’ 
In this section we will describe the finite sheeted covering spaces of a bundle 
over S’ in terms of fundamental group theoretic data on the fiber, F, and the 
monodromy f: F + F. We are concerned with the case in which F is a compact 
surface, but what we say is valid for any finite CW complex, F. We will always 
assume that the monodromy, f; fixes a base point X~E F; however in the case of a 
surface we can only choose x,, to be in a particular component of aF in case f leaves 
this component invariant. The bundle, N, will be: 
N = F x [O, II/(x, 0) - (f(x), 1). 
In order to determine a finite sheeted covering p: I?+ N we need to prescribe: 
(i) a subgroup, K, of finite index in T,(F, x0) called the j?ber subgroup of the 
covering, 
(ii) an integer, n 2 1, called the wrapping number of the covering, and 
(iii) a coset, KS, of K in r,(F), called the shif of the covering. 
These must be compatible in the sense that they satisfy 
(iv) f+(K) = s-l&; for f+: rrr( F) + nl( F) the induced homomorphism. 
Then * is determined as follows: 
(v) let CT: (fi, &,) + (F, x0) be the covering with a,(rr,(?, .Q) = K, 
(vi) take x”r E F1(xO) to be the point corresponding to KS, and 
(vii) put g: (F, Sz,) + (F, x’,) to be the lifting of f”: F+ F (which exists by the 
compatibility condition). 
Then 
and p: fi + N is given by 
P{X 7 [I= WC”(4X)) t - LtlI. > ,
where { } denotes the --equivalence class. 
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By standard arguments we have the following theorem: 
2.1. Theorem. Up to equivalence, thefinite sheeted, based covering spaces p: (I?, Z,,) + 
(N, x0) are in one-to-one correspondence with compatible sets {fiber subgroup, wrapping 
number, and shift). 
Note that for N the complement of a fibered knot in S3, we can choose the 
monodromy so that x0 x [0, l]/ - is a meridian. In this case we see that there is no 
nontrivial regular covering with wrapping number one and trivial shift-because 
the meridian normally generates rl( N). 
In general we can detect when the covering is regular by 
2.2. Theorem. The covering p: k+ N determined as above is regular ifand only if K 
is normal and f,-invariant and relative to the induced diagram 
v,(F)lK J- - r,(F)lK 
f*(q(s)) = T(S) andf*“(a) = s(s)-‘aT(s) for all a E p,(F)/K. 
Proof. Let p =x0x [0, l]/- and note that n,(N) is the HNN extension 
(r,(F), P: WP-~ =f++(x), x E r,(F)). 
Note also that 
P~U? %a) = gp{K P”s); 
in fact, n,(s) is the HNN extension 
I 
(r,(F), Y: VX’XY -’ = g,(x), x E 4;)) 
where p,(~~(fi)) = K and p+(v) = p”s. 
Thus the covering will be regular precisely when this subgroup, which we denote 
by H, is normal-which occurs if and only if for every x E 7r1( F): 
(a) xKx_’ E H, 
(b) ~Kt.-l E H, 
(c) x/..L”sx~’ E H, 
(4 P(P”~)/.-’ E Z-f. 
Now (a) is equivalent to normality of K in n,(F) and (b) is equivalent to 
f,-invariance of K. For (d) note that 
P(Pns)P-’ =f”#f’(s>p” =f~+l(s)f”#(s-‘)f:(s)~” 
=f”#+‘(s)f”#(s-l)/J%. 
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Thus (d) holds if and only iff”#“(s)f:(s-‘) E K; which byf,-invariance of K holds 
if and only if f,(s)s-‘E K. For (c) 
X/_LnSX-’ = xs;(s)f”#(x-‘)P”. 
So, using normality of H, (c) holds if and only if 
s-‘xf~(s)j-;(x-‘)~n”sE H, 
or equivalently 
s-‘xf:(s)f::(x-‘) E K. 
Using (d) this is equivalent to the two assumptions on f*: ~i( F)/K + 7~,( F)/K. 0 
3. Periodic and reducible bundles 
According to the Nielsen, Thurston classification theorem [3,4] every orientation 
preserving self homeomorphism of an oriented surface is, up to isotopy, either 
periodic, or reducible (has an invariant, essential, nonboundary parallel l-manifold), 
or pseudo-Anosov. By [14] every closed oriented 3-manifold can be obtained by 
Dehn filling on some surface bundle over S’ with connected boundary. By [ 161 the 
generic case can be obtained by Dehn filling on a hyperbolic surface bundle 
(corresponding to pseudo-Anosov monodromy); however the manifolds obtained 
by Dehn fillings on surface bundles with periodic or reducible monodromy are, as 
to be expected, more tractible as seen by the following theorems. 
If the monodromy of a surface bundle over S’ is periodic, then the bundle is 
Seifert fibered. In this case the following theorem applies. 
3.1. Theorem. Let the closed, oriented 3-manifold, M, be obtained by Dehn jlling on 
a SeifertJibered manifold. If rr,( M) is infinite, then 7~,( M) is virtually Z-representable. 
Proof. Let N be the Seifert fibered manifold which is filled to obtain M. Now the 
Seifert fibration of N extends over each filling solid torus except in the case that 
the filling kills a (regular) fiber of N in aN by identifying it with a meridian. If 
there are none of the latter type of fillings, then M is Seifert fibered. In this case, 
some finite sheeted covering, c, of M (corresponding to the pull back of a surface 
group of finite index in the Fuchsian group obtained by killing the subgroup 
generated by a regular fiber) is an S’-bundle over a closed surface. But then r,(M) 
is infinite if and only if rr( k) is infinite; which holds if and only if H,( A?) is infinite. 
If there are fillings of the latter type, they all add the same relation to the 
fundamental group. Thus T,(M) is the quotient of the fundamental group of a 
Seifert fibered space with boundary by the (cyclic, normal) subgroup generated by 
a regular fiber. But (c.f. [6, Ch. 121) such a group is a free product of cyclic groups. 
Such a group is either finite cyclic or contains a free subgroup of finite index. q 
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Note that in applying the above theorem it is straightforward to determine the 
cases in which v,(M) is finite by using the structure theory for Seifert fibered 
manifolds. 
Now suppose that N is a surface bundle over S’ with reducible monodromy. 
After adjusting the monodromy f: F+ F of N, we may assume that f leaves fixed 
an essential, nonboundary parallel l-manifold J c F. By taking J to be minimal we 
see that f cyclically permutes the components of J. Thus 
T = J x [O, II/(x, 0) - U-(x), 1) 
is an incompressible, nonboundary parallel torus in N. In particular, the following 
theorem applies to N (provided aN is connected). 
3.2. Theorem. Let N be a Haken manifold with torus boundary and which contains 
a nonboundary parallel, incompressible torus, T. Then all Dehn fillings on N produce 
closed 3 -manifolds, M, with GT, (M) virtually Z-representable with the following possible 
exceptions. 
(i) N is cabled about a manifold N* and the exceptions are among thosefillings of 
N which yield$llings of N”. 
(ii) N is not cabled, but there is an annulus with one boundary component in T and 
the other in aN. In this case there is at most one exception-thejlling parametrized 
by aA n a N. 
(iii) All other cases there are at most three exceptionalfillings and the intersection 
number between the curves parametrizing any two of these is *l. 
Proof. Suppose T remains incompressible in the result, M, of Dehn filling on N. 
The arguments of [9,13] show that there is a finite sheeted covering p: M+ M such 
that some component of p-‘(T) is nonseparating. Thus H,(M) is infinite, and so 
the exceptions come from those fillings which lead to a compression of T: 
By [2] either N contains an annulus, A, with one component of 8A in T and the 
other in aN or else there are at most three fillings which lead to a compression of 
T-determined by the fact that the intersection number between the curves para- 
metrizing any two such fillings is *l. So we suppose that N contains such an 
annulus. We also suppose that T separates N and denote by U and V the closures 
of the components of N - T. Suppose A c V. If V cut open along A is a solid torus, 
then V is a cable space and we are in case (i). 
If V cut open along A is not a solid torus (and so has incompressible boundary) 
then the arguments of Lemmas 1 and 2 of [l] apply to show that there is at most 
one filling of V (along a V n i3N) which can yield a manifold with compressible 
boundary. This gives case (ii) and completes the proof. q 
The above theorems apply to surgery on nonsimple knots in S3. So, for example, 
we have: 
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3.3. Corollary. Every nontrivial surgery on a composite knot in S3 produces a 3- 
manifold with virtually Z-representable fundamental group. 
Proof. After removing a neighborhood of the knot, we are in case (ii) of the theorem. 
The single exceptional filling reproduces S3. 0 
Finally we observe that by the torus decomposition theorem [lo, 111 and 
Thurston’s theorem on the existence of hyperbolic structures [18] we have: 
3.4. Theorem. If N is a Haken manifold with aN a torus and if Int N does not have 
a hyperbolic structure, then either N is Seifert fibered or N contains a nonboundary 
parallel incompressible torus and accordingly Theorem 3.1 or 3.2 applies to the Dehn 
fillings of N. 
4. The comparison of compatible fillings 
Let M be obtained by Dehn filling on a manifold, N. They any finite sheeted 
covering space of M is obtained by filling some covering space of N. The filling, 
M, of N is said to be compatible with this covering of N. Given a regular, finite 
sheeted covering of N and a component, S, of aN the set of all fillings (along S) 
which are compatible with this covering is either empty or infinite-the latter 
occurring precisely when the automorphism group of the associated covering .?+ S 
is cyclic; for this is the condition that some simple loop (corresponding to a primitive 
element of rr(S)) lift to a loop in 5. Moreover if one simple loop lifts then an 
infinite family lifts. 
4.1. Theorem. Let p: fi + N be a finite sheeted covering space where N is a surface 
bundle with fiber, F, and monodromy, f: F + F and I? has the lifted bundle structure 
with fiber, F, and monodromy g: P + k, a lifting off “. If M is any Dehn filling of N 
compatible with p and l\;i + M is the associated covering, then 
PI(M) 2 P,(N) -P&N) 
= l+rank Fix{g,: H,(p))+ H,(F)} 
-rank Fix{g,: HI(a@)+ Hl(aP)}. 
Proof. Recall from Section 2 that m,(N) has the HNN structure 
(n,(F), V: VXV-‘=g,(x)). 
Regarding 7r1( &) as a subgroup of vTT1( N), we have u = ~“s; where n is the wrapping 
number, and s is the shift of the covering. We obtain rl( G) by adding one relation 
for each component of ai?. 
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Using the HNN structure of vi(k) and abelianizing we see that Hi(*) has one 
h summand, generated by V, and that the other summand is presented by the matrix 
g, -Id. The null space of g, -Id is identical to the Fixed element subgroup, Fix g,, 
of g,-its rank is @r(k) - 1. 
Now the set of components of 8P is partitioned into subsets each of which is 
cyclically permuted by the map g. The curves in a cycle all lie in the same component 
of aN, and different cycles correspond to different components of 86. Moreover 
each cycle contributes 1 to rank( Fix{ g,: H,( ai\) + H,( aF)})-corresponding to the 
sum of its fundamental classes. q 
For any surface, S, we call an element of Image{ H,(XS) + H,(S)} a boundary class 
in S. Now the image of Fix{g,: H,(XS)+ H1(aS)} in H,(S) has rank &(aS)- 1. 
Since H,(S, as) is torsion free we have: 
4.2. Corollary. With the above notation, whenever 
g,: HA% IM 
fixes a nonboundary class, then all compatible Dehn fillings of N have virtually 
H-representable fundamental groups. 
It is convenient to call a map f: F + F homology reducible if the induced map 
f,: H,(F) + H,(F) fixes a nonboundary class. 
The examples of Section 5 illustrate that even though the monodromy of a surface 
bundle may be homology irreducible, certain lifts to finite coverings can be homology 
reducible. The following seems to be a key issue. 
4.3. Question. For f: (F, aF) + (F, aF) a homeomorphism of a compact surface, F, 
for which liftingsj: fi -+ Poff to ajnite sheeted covering fief F isjhomology reducible? 
Need there necessarily be any such liftings? If so, need they be, in any sense, cofinal 
among all such liftings? 
5. Examples 
In this section we illustrate the results of Section 4 with some calculations of the 
homology of certain coverings of the figure eight knot complement which yield 
some infinite classes of compatible surgeries on the figure eight knot which produce 
3-manifolds with virtually Z-representable fundamental groups. Note that Thurston 
[17] has shown that all surgeries on the figure eight knot with the exception of l/O, 
O/l, *l/l, *2/l, *3/l, and +4/l surgeries produce hyperbolic, non-Haken 3- 
manifolds. 
As in [7] we have a representation of the complement, N, of a neighborhood of 
the figure eight knot as a surface bundle over S’ whose fiber, F, is a once punctured 
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torus. We identify n,(F) with the free group, F(x, y), so that 8F is identified with 
the commutator, A = [x, y]. The monodromy f: F + F is fixed on aF and induces, 
on T,(F), the map 
x+ xy-‘, y + y*x-‘. 
The base point x0 is chosen in aF. The curve p = x,, x [0, I]/- is the meridian of 
N-bounds a disk in S3 - N. 
By a/b surgery on the figure eight knot we mean the Dehn filling on N which 
identifies the boundary of a meridional disk of the filling solid torus with the curve 
paA b in aN. Note that 
r,(N) =(x, y, /_L: /JX/,-’ = xy-‘, ~“y/_? = y*x-‘). 
There is the discrete, faithful representation rTTI( N) + PSL(2,Z[ w]); where 1 + w + 
w2 = 0, given by: 
We write matrices to represent elements with the understanding that every matrix 
is identified with its negative. 
For any prime, p, this projects to a representation to the finite group PSL(2, hp[ w]); 
where HJ w] is the extension of Z, by the polynomial 1 + x + x2. Note that hJ w] = E, 
provided that 1 +x+x2 has a root in h,-i.e. -3 has a square root in Z,. By the 
quadratic reciprocity law this occurs precisely when p = 3 or p = 1, mod 3. Otherwise 
Z,[w] is the field of order p2. Note also that 
order PSL(2,Z’p[ w]) = 
p(p-l)(p+l)/2, ifWwl=O, 
p*( p* - l)( pz+ l), otherwise. 
A direct calculation yields: 
5.1. Proposition. Under the above representation p”A b maps to the element 
( 
1 2b-a+4bw 
0 > 1 . 
From this, it is clear tha$ the kernel of the representation contains a simple loop 
pah b (so (a, b) = 1) only in the case Z,[ w] = H,. Thus we will limit our calculations 
to this case. In what follows *. will denote the regular cover of N corresponding 
to 
ker{ pp: ‘i~,( N) + PSL(2, H,)}. 
We are concerned with the homology of Gp. The computations, based on Theorem 
3.1 of [7], were carried out with the assistance of a Macintosh computer. Copies 
of the relevant programs are available on request. 
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p =3. We choose w = 1. Then N3 + N is a 12 sheeted cover. In the terminology 
of Section 2, its wrapping number is 3. The fiber subgroup is K = ker p3 1 r,(F) 
(n,(F>/K =Zz,OZ,). The shift is trivial (i.e. = K). Using Theorem 5.3 we obtain 
H,( K$) = ‘z40 (Z,)‘. 
However, fi3 has four boundary components; so this provides no information about 
the homology of the associated coverings of the compatible fillings of N. 
p = 7. We choose w = 2. Then I$ + N is a 168 sheeted covering (one must check 
that p7 is epic). The wrapping number is 1, the fiber subgroup K = ker p71 rl(F), 
and the shift is Kh-*. 
This is already too large for our limited computing facilities; however there is an 
intermediate cover 
where fi + N is the 24 sheeted irregular cover corresponding to p;‘(H); where H 
is the subgroup of order 7 generated by p7(p). Using Theorem 3.1 of [7] we obtain: 
H,( fi) = z8. 
To apply Theorem 4.1 we needed to know that afi has 6 components (3 projecting 
homeomorphically and 3 projecting 7 to 1, by equivalent coverings, to aN). This 
follows from the observation that p7( rrl(aN)) = H, and hence the components of 
afi are in one to one correspondence with the (H, H) double cosets in PSL(2,Z,)- 
which we enumerated to establish this fact. 
The fillings compatible with fi+ N are, by Proposition 5.1, of the form a/b where 
a is unrestricted and b = *2a mod 7. They are all covered by fillings of fi7 compatible 
with &+ N. The inclusion of both signs is permitted by the fact that the figure 
eight knot is amphichiral. By Theorem 4.1 these fillings yield 3-manifolds with 
virtually Z-representable fundamental groups. In particular the 168 sheeted regular 
coverings of these manifolds associated with fi7 + N all have pi 2 2. For comparative 
purposes we note that the 24 sheeted irregular cover of the l/2 filling of N associated 
to fi+N has 
H,(G) =Z20(Z*)30(Z7)2. 
p = 13. We take w = 3. The regular covering g,, + N has 1092 sheets ( p13 is epic). 
Its wrapping number is 1, the fiber subgroup is k = ker pr3 ) r,(F), and the shift is KA. 
There is an intermediate covering J?,,+ fi+ N; where s+ N is the irregular 84 
sheeted covering corresponding to p;:(H); where H is the subgroup of order 13 
generated by P,~(P). Again the components of afi are in one to one correspondence 
with the (EZ, H) double cosets in PSL(2, iZi3). We calculate that there are 12 
components of afi (6 project homeomorphically and 6 project 13 to 1, by equivalent 
coverings, to aN). We compute that 
H,( I?) = iz14. 
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The fillings of N compatible with fi + N are of the form a/b where a is arbitrary 
and b = +a mod 13. The 1092 sheeted regular coverings of these manifolds corre- 
sponding to fi13+ N all have p1 3 2. 
For comparison we calculated, for the 84 sheeted irregular cover Xl of the l/l 
fillings of N corresponding to G+ N, that 
This illustrates that the inequality in Theorem 4.1 may be proper. Presumably this 
indicates that some of the lifts of the l/l curves are boundary curves in c---the 
filling of G to G then produces 2-cycles dual to the new elements of infinite order 
in H,(G). 
Summarizing these calculations we have: 
5.2. Proposition. For any a and for either b = &2a mod 7 or for b = fa mod 13, al b 
surgery on the figure eight knot produces 3-manifolds with virtually Z-representable 
fundamental groups. 
It should be noted that Nicas [ 151 has verified this result in the case b = +2 mod 7 
by essentially the same type of computation. Also Kojima and Long [12] have, by 
somewhat different means established the case a = 0 mod 4 and a/b # +8. 
The computations given here use the method described in Theorem 3.1 of [7] for 
determining the first homology group of a finite sheeted covering space. To apply 
this theorem to the calculations at hand, we took the HNN presentation for rl( N) 
with 3 generators and 2 relators mentioned earlier. The Jacobian matrix of free 
derivatives of relators by generators is a 2 x 3 matrix, J, over Zr,( N). The permuta- 
tional representation of r,(N) is obtained by mapping each cx E n,(N) to the 
permutation of the right cosets of H in PSL(2, Z,) induced by right multiplication 
by p,(a). The permutation matrix for each (Y occurring in J was worked out (by 
computer) as above and substituted into J to obtain a larger integer matrix presenting 
H,( fi)OZrP1 as an abelian group (r = number of sheets). This matrix was then 
reduced to diagonal form by row and column operations to reveal the group 
presented. The presence of the Z’-’ summand turns out to be a very good check-the 
probability that a random integer matrix of this size (introduced, say, by input error) 
have nullity at least r - 1 is extremely low. 
In fact we first reduced J to a 1 x 2 matrix by left-row and right-column operations 
over Zrl( N) and then applied the permutational representation. This is legitimate 
since the operations of reduction commutes with application of the permutational 
representation. 
The case, p = 13, of the 84 sheeted covering of N led to a 84 x 168 integer matrix. 
This was close to the capacity of the microcomputer used. The next case of interest, 
p = 19, would require considerably larger computing facilities. 
Whenever p: k + N is a finite sheeted covering space and M is a Dehn filling 
of N there is a unique Dehn filling, fi, of fi for which p extends to a map I’? + M. 
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The extended map will in general be only a branched covering-branched over the 
cores of the filling solid tori of M. The following outlines the modifications needed 
to adapt the above procedure to computing the homology of such branched coverings. 
Given a group G and a subgroup GO of G a presentation for the pair (G; G,) is 
a system (X; X0: R; R,) where (X: R) and (X,,: R,) are presentations for G and 
GO respectively, X,c X, and ROc R (see [6, Ch. 21 for more discussion). The 
Jacobian of a finite presentation 
(xl,...,xn+t;xn+l,...,xn+l: rl,...,rm+S;rm+l, . . . . rm+A 
of a group pair (G; GO) is the image in h G of the m x n matrix 
(ari/&Cj) 
of free derivatives of the first m relations with respect to the first n generators. 
If (x ,,..., x,: rI ,..., r,,,) is a presentation for G and wi, . . . , wk (words in the 
xi’s) represent generators for G,,, then there is a presentation for the pair (G; GO) 
whose Jacobian is the (m + k) x n matrix which is the image, over Z G, of the matrix 
at-,/ax, 
( > awi/axj 
obtained from the (absolute) Jacobian of the presentation of G by adding the rows 
of free derivatives of the generators for GO with respect to the generators for G [6, 
Proposition 2.31. 
Whenever p: _% + X is a q sheeted covering space we have the associated permuta- 
tional representation 8: rI(X) + S, describing the right action of rri(X) on the fiber 
p-‘(x,)-equivalently the right action of ri(X) on the right cosets of p#(nI(X)). 
We regard S, as a subgroup of GL(q, Z) by identifying each permutation with the 
matrix of the transformation determined by the action of this permutation on the 
standard basis. 
5.3. Theorem. Let p: I?+ N be a q sheeted covering space with permutational rep 
resentation 8: r,(N) + S,, let M be a Dehnjlling of N WithJillingparameters Pj c aN, 
and let M + M be the corresponding branched covering. 
If J, an m x n matrix over Zrr,( N), is the Jacobian of any presentation for the pair 
( 7rI( N); rl(U Pj)), and O(J) is the mq x nq matrix over Z obtainedfrom Jby replacing 
each a E r,(N) with O(a), then O(J) is a presentation matrix for H,(M)@Zr-’ where 
r is the number of components of p-‘(u Pi). 
Proof. We note that in case lJ Pi is not connected, then the group pair 
(ni( N); ri(lJ Pi)) must be understood in the sense of a joined group pair, as defined 
in [6, Ch. 11. 
It follows just as in the proof of Theorem 3.1 of [7], that O(J) is a presentation 
matrix for the relative homology, H,(fi, p-‘(IJ Pi)) as an abelian group (compare 
with the fact [6, Theorem 2.51 that the image of J over the group ring, ZT, of 
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covering transformations is a presentation matrix for H,( fi, p-‘(lJ Pi)) as a ZT 
module). 
If we attach a collection, {Dj}, of 2-handles to s-one along each component 
of p-‘(lJ Pi), then H,(fi~lJ D,)=H,(I\II). There may be some redundant rela- 
tions-if, say, two components of p-‘(Pi) lie in the same component of a( fi), but 
this causes no problem. By excision 
Hi(fi,~-‘(U Pi))=HH,(fiUU Dj,U Dj). 
The conclusion then follows from the exact sequence 
O~H,(~“UDj)~H,(~“Uoj,Uoj)-,H,(UDj)~O. 0 
We used this to calculate, for our previous examples, the homology of the 
completion, c(G), of I? to a closed surface bundle which branched covers S3, 
branched over the figure eight knot. 
For 6 the 24 sheeted irregular covering of the case p = 7 we have: 
z-I,(c(G)) =z’om,o(m,>‘. 
For I? the 84 sheeted irregular covering of the case p = 13 we have: 
H,(c(fi)) = z30(2,,)20(23)40(22)6. 
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